We investigate slicings of combinatorial manifolds as properly embedded co-dimension 1 submanifolds. A focus is given to dimension 3 where slicings are (discrete) normal surfaces. For the cases of 2-neighborly 3-manifolds as well as quadrangulated slicings, lower bounds on the number of quadrilaterals of slicings depending on its genus g are presented. These are shown to be sharp for infinitely many values of g. Furthermore we classify slicings of combinatorial 3-manifolds which are weakly neighborly polyhedral maps.
Discrete normal surfaces and slicings
In this article we develop a combinatorial theory of discrete normal surfaces in combinatorial 3-manifolds. The concept of normal surfaces is due to Kneser [14] . He used it to prove one part of the prime decomposition theorem in the theory of 3-manifolds. A surface S, properly embedded into a 3-manifold M , is said to be normal, if it respects a given cell decomposition of M in the following sense: It does not intersect any vertex nor touch any 3-cell of the manifold and does not intersect with any 2-cell in a circle or an arc starting and ending in a point of the same edge (see Figure 1 .1 for the simplicial case).
The precise definition of the term normal surface is due to Haken [10] . Haken developed an algebraic theory of normal surfaces to advance the research on the homeomorphism problem of 3-manifolds (for any pair of 3-manifolds (M 1 , M 2 ) decide in a finite number of steps whether M 1 ≅ M 2 or not, cf. [11] ). In the theory of (hyperbolic) 3-manifolds, normal surfaces are often examined using special kinds of cell decompositions: If∆ is a set of tetrahedra together with a set of gluing instructions Φ on the set of triangles of∆ such that each triangle is identified with at most one other triangle, then P =∆ Φ is called a pseudo triangulation.
However, in this article we consider only combinatorial manifolds: A combinatorial d-manifold (combinatorial d-pseudomanifold) M is a d-dimensional, pure, simplicial complex whose vertex links are all combinatorial spheres with standard PL-structure (combinatorial manifolds). Note that every combinatorial manifold (pseudomanifold) is also a pseudo triangulation. The f -vector of a combinatorial manifold (pseudomanifold) M is a (d + 1)-tuple of integers f (M ) where the i-th entry f i−1 denotes the number of (i − 1)-dimensional faces of M . We call M k-neighborly, if f k−1 = f0 k , i. e. if M contains all possible (k − 1)-dimensional faces.
1.1 Definition (Polyhedral manifold, polyhedral map, cf. [7] ). A polyhedral complex C is a finite family of convex polytopes such that (i) for every polytope P ∈ C all of its faces F ∈ P are contained in C and (ii) the intersection P 1 ∩ P 2 of any two polytopes P 1 , P 2 ∈ C is either empty or a common face of P 1 and P 2 .
A polyhedral manifold is a polyhedral complex M such that there exists a simplicial subdivision of M which is a combinatorial manifold. If M is a surface we will call it a polyhedral map. If, in addition M entirely consists of m-gons, we call it a polyhedral m-gon map. Intersection of an embedded surface with a tetrahedron of the surrounding combinatorial 3-manifold and the corresponding normal subset.
Definition (Discrete normal surface)
. Let M be a combinatorial 3-manifold (3-pseudomanifold), ∆ ∈ M one of its tetrahedra and P the intersection of ∆ with a plane that does not include any vertex of ∆. Then P is called a normal subset of ∆. Up to an isotopy that respects the face lattice of ∆, P is equal to one of the triangles P i , 1 ≤ i ≤ 4, or quadrilaterals P i , 5 ≤ i ≤ 7, shown in Figure 1 .2. A polyhedral map S ⊂ M that entirely consists of facets P i such that every tetrahedron contains at most one facet is called discrete normal surface of M . Note that the leftmost picture of the bottom row can not be part of a discrete normal surface.
1.3 Remark. In classical normal surface theory a tetrahedron of a combinatorial manifold can contain several facets of possibly different types. Hence, we can assign a vector v ∈ N 7 0 to each tetrahedron counting the number of parallel cuts of each type. The set of all such vectors of all tetrahedra of a combinatorial manifold is called the normal coordinates set of a normal surface (cf. Figure 1. 2). Since all cuts of a tetrahedron have to be disjoint, not all combinations of cuts are valid. In particular, each tetrahedron may contain only one type of quadrilateral at most. In addition, the cuts of any two adjacent tetrahedra have to be compatible as a normal surface has to be a closed polyhedral map. For a combinatorial 3-manifold M we have 3f 2 such linear compatibility equations where f 2 denotes the number of triangles of M (3 restrictions per triangle). A normal coordinates set with compatible entries is called admissible. It is an interesting fact that a normal surface without vertex linking connected components is already determined by its quadrilaterals (see [24] , Thm. 2.4). This leads to a more compressed type of normal coordinates with a vector v ∈ N 3 0 for each tetrahedron. The description of normal surfaces in terms of normal coordinates gives rise to the concept of the geometric sum: The union of two normal surfaces, defined by the componentwise sum Σ of their normal coordinates, is well defined if and only if Σ is admissible (see [24] for further details). This implies that the theory of normal surfaces has a lot less algebraic structure than homology theory, although Haken himself emphasized a close connection between these two theories in [10] .
Let us now introduce the notion of slicings of combinatorial manifolds: It is well known from classical Morse theory, that the pre-image of a non-critical point of a smooth Morse function on a closed smooth 3-manifold is a properly embedded closed surface. In the field of P L-topology Kühnel developed what one might call a polyhedral Morse theory (compare [16, 17] ):
for any two vertices w ≠ v of M and if f is linear when restricted to an arbitrary simplex of M .
A point x ∈ M is said to be critical for a rsl-function
where M x ∶= {y ∈ M f (y) ≤ f (x)} and F is a field. Here H ⋆ denotes an appropriate homology theory.
It follows that no point of M can be critical except possibly the vertices.
1.5 Definition (Slicing). Let M be a combinatorial pseudomanifold of dimension d and f ∶ M → R a rsl-function. Then we call the pre-image
By construction, a slicing is a polyhedral (d − 1)-manifold and for any ordered pair x < y we have f
contains no critical vertex of M . In particular, a slicing S of a closed combinatorial 3-manifold M is a discrete normal surface: It follows from the simplexwise linearity of f that the intersection of the pre-image with any tetrahedron of M either forms a single triangle or a single quadrilateral. In addition, if two facets of S lie in adjacent tetrahedra they either are disjoint or glued together along the intersection line of the pre-image and the common triangle.
1.6 Remark. Any partition V = V 1 9 ∪V 2 of the set of vertices of M already determines a slicing: Just define a rsl-function f ∶ M → R with f (v) < f (w) for all v ∈ V 1 and w ∈ V 2 and look at a pre-image f −1 (x 0 ) for any f (v) < x 0 < f (w). In the following we will write S (V1,V2) ∶= f −1 (x 0 ) for the slicing defined by the vertex partition V = V 1 9 ∪V 2 . Every vertex of a slicing is given as an intersection point of the corresponding pre-image with an edge ⟨u, w⟩ of the combinatorial manifold. Since there is at most one such intersection point per edge, we usually label this vertex of the slicing according to the vertices of the corresponding edge, that is u w with u ∈ V 1 and w ∈ V 2 . By construction, every slicing decomposes the surrounding combinatorial manifold M into at least 2 pieces (an upper part M + and a lower part M − ). This is not the case for discrete normal surfaces in general. However, in the sequel we will focus on discrete normal surfaces that are slicings and we will apply the above notation for discrete normal surfaces whenever this is possible.
Since every combinatorial pseudomanifold M has a finite number of vertices, there exist only a finite number of slicings of any fixed M . Hence, if f is chosen carefully, the induced slicings admit a useful visualization of M . This has been done already in a number of publications: See [18] for a visualization of a 15-vertex version of the 3-torus, [23] for some 3-dimensional slicings of the Casella-Kühnel triangulation of the K3-surface and [17] for various further examples. The paper is organized as follows:
In Section 2 we investigate upon the possible topological types of discrete normal surfaces a given combinatorial 3-manifold admits. In particular, we present a minimal combinatorial Heegaard splitting of the 3-torus and small spheres separating two arbitrary bounded 3-manifolds.
In Section 3 we discuss the local combinatorial structure of slicings of combinatorial 3-manifolds (3-pseudomanifolds). A variety of observations on the different roles of triangles and quadrilaterals is presented.
In Section 4 we present our main result which is a lower bound on the number of quadrilaterals of a slicing depending on its genus and assuming certain properties such as 2-neighborliness of the surrounding manifold. Furthermore we discuss some cases of equality.
In Section 5 we examine slicings which are weakly neighborly polyhedral maps. A condition for the weakly neighborliness is given, as well as a classification of all weakly neighborly slicings of combinatorial manifolds.
The genus of discrete normal surfaces
For embedded orientable surfaces S ⊂ M which decompose a 3-manifold M into two pieces we have the following statement:
2.1 Proposition. Let M be a connected compact orientable 3-manifold and S ⊂ M a properly embedded connected surface decomposing M into two bounded 3-manifolds M − and M + with common boundary S. Then
holds, where g(S) denotes the genus of S and β i (M ± ; Z) the i-th integral Betti number of M ± .
Proof. Since M + (M − ) is a bounded manifold with orientable boundary S (the orientability of S follows from the orientability of M and the fact, that S is separating M + from M − ) we can glue M + (M − ) with a copy of itself along its boundary S obtaining a closed 3-manifold M . Recall that χ(M ) = 0 since M is a closed 3-manifold. By the additivity of the Euler characteristic it now follows that
which directly leads to
The calculation for M − is the same.
Since the embedding of S is arbitrary, the genus g(S) does not depend on any properties of M . In particular any 3-manifold M admits an embedding of a connected orientable surface S of any genus g(S).
Of course, if M is a combinatorial manifold and S is a discrete normal surface the situation is somewhat different. Due to the finite number of tetrahedra the genus of an embedded discrete normal surface S is always bounded. In fact the only topological type of discrete normal surfaces that occurs in any combinatorial manifold M is the 2-sphere (for example as the vertex figure of an arbitrary vertex). In the sequel we will investigate restrictions on the genus of S given by the combinatorial properties of M .
∪V 2 a partition of the set of vertices and V ∈ {2n, 2n + 1}, n ∈ N, such that S (V1,V2) is connected. Then
be the decomposition of M with common boundary S (V1,V2) . From Proposition 2.1 it follows that
Now let e be the number of edges, t the number of triangles, ∆ the number of tetrahedra of
holds by the Euler-Poincaré formula. Since t ≥ 2∆, e ≤ m 2
and m ≤ n, the right hand side of (2.5) is maximal for t = ∆ = 0, e = m 2 and m = n, and thus g(S (V1,V2) ) ≤ 1 − n + In order to make a closer connection between the genus of S and the topology of M , we will restrict ourselves to special kinds of decompositions in the following: Figure 2.1: Slicing of C 1 in between {1, 2, 3, 4} and {5, 6, 7, 8} with the minimum number of facets.
Example (Separating surfaces). Consider a combinatorial version of the cylinder
where S g is a triangulated oriented surface of genus g. C is a bounded 3-manifold that can be closed by adding an arbitrary number of combinatorial cells on both sides. A slicing through C disjoint to its boundary can be seen as a separating surface of genus g. In the case g = 0 we can consider the cylinder with boundary
Since we need at least 8 vertices for a triangulation of the boundary of a cylinder of type C = S 2 × [0, 1], we need at least 8 vertices to triangulate C. Barnette's Lower Bound Theorem (cf. [2, 3] ) tells us that C needs at least 3 ⋅ 8 − 10 − 2 = 12 tetrahedra. Now let us consider a slicing S through C with B(C) ∩ S = ∅. If there exist a set of tetrahedra ∆ ⊂ C disjoint to S, we definẽ C = C ∖ ∆. By the arguments aboveC again has at least 12 tetrahedra and all of them intersect with S. Thus, S must have at least 12 facets, 8 of then being triangles. and necessarily the same boundary as C 1 leads to a more symmetric slicing in form of a cuboctahedron with 14 facets, necessarily 8 triangles and 6 quadrilaterals (see Figure 2. 2). C 1 was obtained by canonically subdividing the prism-complex S 2 4 × [0, 1] into 3 ⋅ 4 = 12 tetrahedra. This procedure is available for any closed oriented surface S g and gives rise to a slicing through S g ×[0, 1] with f 2 (S g ) quadrilaterals and 2⋅f 2 (S g ) triangles. The question whether or not this type of subdivision contains the minimum number of quadrilaterals needed for arbitrary values of g in the case that S g is a vertex minimal triangulation is interesting but does not seem to be answered yet. It is closely related to a generalization of Theorem 4.4. An equivalent reformulation would be: is a 3-manifold of Heegaard genus three. By a combinatorial Heegaard splitting we mean the decomposition of a combinatorial 3-manifold into two polyhedral handle bodies such that the common boundary is a slicing. It seems likely that the minimal genus of a combinatorial Heegaard splitting equals the Heegaard genus of the underlying manifold, although this does not seem to be trivial. Hence, a visualization of a minimal combinatorial splitting of the three-torus would be interesting.
The decomposition of T 3 as a 3×3×3 subdivided cube with a pairwise identification of opposite faces and 3 3 = 27 vertices admits a splitting of (minimal) genus 3 as shown in Figure 2 .3. We can easily transform the cube decomposition into a combinatorial manifold by subdividing each cube into 6 tetrahedra. The embedded surface of genus three is a sub-complex and, thus, not a slicing. However, by a slight perturbation such an example is attained. Note, that the perturbed slicing would be too complex to admit a useful visualization in this context.
The combinatorial structure of slicings
As already stated, it is difficult to link global properties of a discrete normal surface or, in higher dimensions, a slicing to its surrounding combinatorial manifold (pseudomanifold). However, we will observe that its local combinatorial structure in fact depends on the manifold.
3.1 Remark. Slicings are very special polyhedral manifolds. In order to see this let P be a facet of a slicing S of a combinatorial d-manifold (d-pseudomanifold) M . Then
and S contains at most ⌊ d+1 2
⌋ different types of polytopes as facets. In particular, (3.1) implies that a 2-dimensional slicing (or a discrete normal surface) only consists of triangles ∆ 2 and quadrilaterals ∆ 1 × ∆ 1 . Hence, the search for relations between the number of triangles and quadrilaterals in the 2-dimensional case seems natural and has been investigated by Kalelkar in [13] . We will return to that question in Section 4.
If the slicing of a combinatorial 3-manifold (pseudomanifold) M is a vertex figure of M , it obviously contains no quadrilaterals. Hence, any triangulated sphere (surface) can be seen as the vertex figure of a suitable combinatorial 3-manifold (3-pseudomanifold). However, every slicing different from a disjoint union of vertex figures contains quadrilaterals as facets, since in this case both M − and M + at least contain one edge. Thus, every connected slicing of a combinatorial 3-manifold with genus > 0 has to contain quadrilaterals whereas this is not true for combinatorial 3-pseudomanifolds.
It seems to be fact that not only the vertex figures of singular vertices of combinatorial pseudomanifolds are different from slicings of combinatorial manifolds: For example, consider the slicing S ( (1,4,5,6 ), (2, 3, 7, 8) ) ≅ T 2 through the 8-vertex triangulation of a 3-dimensional (singular) Kummer variety K 3 (from [15] ) shown in Figure 3 .1. The 24 tetrahedra of the triangulation are completely determined by S ((1,4,5,6 ), (2, 3, 7, 8) ) . Note, that there exists a basis ⟨α, β⟩ of H 1 (S ((1,4,5,6),(2,3,7,8)) ) for which both cycles are quadrilaterals of the form ⟨⟨ Despite these differences the following definitions and lemma hold for both combinatorial 3-manifolds and 3-pseudomanifolds. In the following, let S (V1,V2) be the slicing defined by the vertex splitting V = V 1 9 ∪V 2 of a combinatorial 3-pseudomanifold. 3.2 Definition. Let S (V1,V2) ⊂ M be a slicing of a combinatorial 3-pseudomanifold M defined by V = V 1 9 ∪V 2 and x ∈ V 1 a vertex. We define
and C x ∶= C x 2 ∪ C x 1 . We call C x the trace of x on S (V1,V2) . Analogously we define C y for any y ∈ V 2 .
Note, that
where S ({x},V {x}) is the vertex figure of x which uniquely consists of triangles.
⟩ is an edge of S (V1,V2) , then either a = b or x = y holds.
⟩ is an edge of a slicing S (V1,V2) in a 3-manifold M it must be a subset of some triangle ⟨α, β, γ⟩ ∈ M . So Proof. Recall that all facets of S (V1,V2) originate from proper sections with a tetrahedron.
3.5 Lemma. Let S (V1,V2) ⊂ M be a slicing of a combinatorial 3-pseudomanifold M defined by V = V 1 9 ∪V 2 and C x (C a ) the trace of x ∈ V 1 (a ∈ V 2 ). Then the following implications hold:
Proof. This follows immediately from the definition of C x :
Since x, y ∈ V 1 , the upper entries of all vertices in C x (C y ) are equal to x (y). But x ≠ y and the intersection of C x and C y must be empty. This proves i).
With the same argument we see that
⟩. However, the vertex x a is part of S (V1,V2) iff ⟨x, a⟩ is an edge of M . This shows ii).
3.6 Lemma. Let Q be a quadrilateral of a slicing S (V1,V2) of a combinatorial 3-pseudomanifold M , C
x the trace of a vertex x ∈ V 1 in S (V1,V2) and C a the trace of a ∈ V 2 . Then Q shares at most one edge with C x and C a , respectively.
Proof. By Corollary 3.4, any quadrilateral Q of S (V1,V2) is of the form Q = ⟨ ⟩. This implies that Q shares exactly one edge with C x , C y , C a and C b .
As already mentioned, discrete normal surfaces without vertex linking components are completely determined by their quadrilaterals. The observations about the local combinatorial structures of slicings made above emphasize this crucial property.
Triangles vs. quadrilaterals
Discrete normal surfaces are polyhedral maps consisting of triangles and quadrilaterals. Although triangulated discrete normal surfaces exist, we already pointed out that any discrete normal surface of a combinatorial 3-manifold with non-trivial genus has to contain quadrilateral facets and thus is not simplicial. The relation between the genus of a normal surface and the number of quadrilaterals was investigated by Kalelkar in [13]:
4.1 Theorem (Kalelkar, [13] ). Let S be a closed, oriented, connected normal surface of a pseudo triangulation of a closed 3-manifold M , g its genus and q the number of quadrilaterals in S, then we have
Although Theorem 4.1 holds for arbitrary values of g it merely assures the appearance of one quadrilateral for normal surfaces of genus ≤ 3 and two quadrilaterals in the case 3 < g ≤ 7. But in practice we have seen that usually a lot more quadrilaterals occur. Hence, (4.1) does not seem to be sharp in the case of discrete normal surfaces and combinatorial 3-manifolds. In Chapter 3 we investigated some rules describing how strongly connected components of triangles determine areas of quadrilaterals in the case of slicings. Moreover, we know from Proposition 2.2 that an increasing genus of a slicing yields an increasing complexity of the manifold, thus an increasing minimum number of vertices and, in turn, an increasing complexity of the slicing. In order to improve inequality (4.1) in a combinatorial setting we will start with some universal observations on combinatorial 3-manifolds before imposing some restrictions on the generic case:
Let M be an orientable combinatorial 3-manifold with f -vector f and V the set of vertices. From the Lower Bound Theorem (LBT, cf. [12] ) for combinatorial manifolds we get the following restrictions on the number of edges f 1 (here the rightmost inequality is just the trivial upper bound f 1 ≤ f0 2 ):
In addition,the Dehn-Sommerville equations for 3-manifolds hold:
Now, let S (V1,V2) be a slicing defined by the vertex partition V = V 1 9 ∪V 2 and let n be the number of vertices of S (V1,V2) . Then the obvious condition
holds, with equality whenever every vertex of V 1 is connected to every vertex of V 2 by an edge. Moreover, we have the following equalities which we call Dehn-Sommerville equations for slicings:
n − e + t + q = 2 − 2g,
where e is the number of edges, t the number of triangles, q the number of quadrilaterals and g the genus of S (V1,V2) . Note that in the following we will call the 4-tuple (v, e, t, q) the f -vector of a slicing despite the fact, that the f -vector of S (V1,V2) seen as a polyhedral map would be the 3-tuple (v, e, t + q).
Finally, we have another obvious relation between M and S (V1,V2) : Since every tetrahedron of M contains at most one facet of S (V1,V2) it is 4) and more precisely the number f 3 − t − q ≥ 0 equals the number of tetrahedra in the span of V 1 and V 2 . For a fixed n, these equations induce a linear system of equations of dimension 4 × 7 with rank 4:
Solutions of these equations additionally have to fulfill the inequalities (4.2), (4.3) and (4.4) .
Note that we can not expect useful information from the above linear system in the general case (a fact that is also implied by the separating surfaces from Section 2). However, if we restrict M to be 2-neighborly, the situation is different.
In the following, let S (V1,V2) be a slicing of a 2-neighborly combinatorial 3-manifold M such that
N. In this case we get a 4 × 4 system of the form
As the system is of rank 4, n and c completely determine the combinatorial properties of the discrete normal surface up to the relation f 3 ≥ t + q. From this we can deduce our main result:
4.2 Theorem. Let S (V1,V2) be a slicing of a 2-neighborly combinatorial 3-manifold M and let g, n, q and c be defined as above. Then we have
). Proof. The row echelon form from the linear system above is
This proves (4.5). Now let c = 0. This implies that n = 2k for some k ∈ Z and thus g = in (4.5) we get
The last step follows from the Dehn-Sommerville equations for combinatorial 3-manifolds and (4.4), which implies that q = 4g + 3k − 4.
In order to show the tightness of (4.5) we construct a series of slicings with the above properties: Consider the (2-neighborly) boundary complex BdC 4 (2k) of the cyclic 4-polytope C 4 (2k) (cf. [9, 19] ).
For any k the boundary complex BdC 4 (2k) can be constructed as follows: Given the dihedral group in the following permutation representation ⟨(1, . . . , 2k), (2k, 2)(2k − 1, 3) . . . (k + 2, k)⟩ with 4k elements, take the union of the following (k − 2) orbits of length 2k (1, 2, 3, 4) 2k , (1, 2, 4, 5) 2k , . . . , (1, 2, k, k + 1) 2k and the orbit (1, 2, k + 1, k + 2) k of length k. The resulting complex C 2k is a 2-neighborly combinatorial 3-sphere with the maximum number of 2k(k − 2) + k = 2k 2 − 2k facets. As one easily deduces from the group action, all of the facets of C 2k contain exactly two even and exactly two odd vertex labels. This property is also known as Gale's evenness condition of cyclic polytopes (see for example [9] page 62). If one defines V 1 = {1, 3, . . . , 2k −1} and V 2 = {2, 4, . . . , 2k}, neither span(V 1 ) nor span(V 2 ) contains a triangle, and the induced slicing is an example of equality in (4.5).
4.3 Example. The simplest case for equality in (4.5) is the equilibrium set in the boundary complex of the join of two triangles which, in turn, is nothing else than Looking at slicings S (V1,V2) where either dim(span(V 1 )) = 1 or dim(span(V 2 )) = 1 we can prove the following for arbitrary combinatorial 3-manifolds:
4.4 Theorem. Let M be a combinatorial 3-manifold, S (V1,V2) a connected slicing of genus g of M , q its number of quadrilaterals, dim(span(V i )) = 1 and n ∶= V i for i = 1 or i = 2. Then
In particular, this applies to all quadrangulated slicings.
Proof. To obtain a connected slicing S (V1,V2) of genus g both the span of V 1 and of V 2 must be connected and contain a graph of genus g. The Euler characteristic tells us that a graph of genus g with n vertices needs exactly (g + n − 1) edges (n ≥ k for
). Note that every edge of the manifold is surrounded by at least three tetrahedra. Since dim(span(V 1 )) = 1, each of the at least 3(g + n − 1) tetrahedra must be distinct from all the others. In particular, exactly one edge of each of these tetrahedra lies in span(V 1 ) and, thus, the intersection of S (V1,V2) with each of the tetrahedra appears as a quadrilateral in the slicing.
If a slicing is quadrangulated, then dim(span(V 1 )) = dim(span(V 2 )) = 1 and the conditions for Theorem 4.4 are fulfilled. For some examples of slicings that attain equality in (4.6) consider the nearly neighborly centrally symmetric 4-polytope P with 10 vertices and the maximum number of 40 edges and transitive automorphism group Aut(P ) = ⟨(1, 4, 7, 6, 9, 2)(3, 10) (5, 8) , (1, 7, 3, 9) (2, 8, 4, 6 )⟩ ≅ C 2 × S 5 due to Grünbaum (cf. Section 6.4 of [9] ). The boundary BP = S is a combinatorial 3-sphere ( The examples were found by an enumerative search using the support for slicings of the GAP package simpcomp [8] . The complexes that were used to construct the slicings are included in the built-in library of simpcomp. , notations as in [22] ). Moreover, there is an orientable slicing of genus 2 with only 14 quadrilaterals whereas the lower bound in Theorem 4.4 would be 15 (({1, 2, 16, 21}, {3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 17, 18, 19, 20 , 22}) of a triangulation of (S 2 S 1 ) #14 from [21] ).
As mentioned in Remark 4.5 a straightforward generalization of Theorem 4.2 and Theorem 4.4 does not seem to be obvious. Nevertheless, we state:
4.6 Conjecture. Let M be a combinatorial 3-manifold and S a slicing of M withuadrilaterals. Then
holds.
Purely combinatorial methods do not seem to be suitable to prove Conjecture 4.6. However, at least for low genera a geometric or algebraic approach could lead to new results.
Furthermore it remains to investigate if the stated theorems or conjectures can be extended to discrete normal surfaces. Although most proves are founded on the fact that a slicing splits the surrounding combinatorial manifold into two pieces it is believed that Theorem 4.2 and Theorem 4.4 are also true for discrete normal surfaces that do not define such a splitting.
Weakly neighborly slicings
From the Dehn-Sommerville equations for 2-manifolds it follows, that the f -vector of a triangulated surface S is already determined by the number of vertices n of S:
Since obviously the number of edges cannot exceed n 2
, this gives rise to the well known lower bound on the number of vertices needed to triangulate S:
Inequality (5.2) is often referred to as Heawood inequality. The inequality is sharp whenever 3(n−χ(S)) = n 2
. Note that not all topological types of surfaces admit 2-neighborly triangulations but whenever they do this triangulation is minimal with respect to the number of vertices (these are the so called regular cases of the Heawood inequality). In contrast to the simplicial case, the term of a neighborly complex does not make sense for a polyhedral map since there are pairs of vertices contained in one face which do not span an edge. This directly leads us to the following.
5.1 Definition (Weakly neighborly polyhedral map, from [5] ). We call a polyhedral map weakly neighborly if for any two vertices there is a face containing both of them.
Together with the above definition we can give a lower bound on the number of vertices for polyhedral m-gon maps: 
Proof. a) ⇔ b) Every quadrilateral in S decreases the maximal number of edges in S by 2. In particular, S has exactly e = − 2q we get
which is equivalent to 0 = n
where clearly only the greater one of the two solutions of the quadratic equation is valid (see also [5, Lemma 2 (6)] for a similar statement).
c) ⇔ d) Given χ(S) and n we have at most one non-negative integer q solving (5.5). Thus, we get
This directly leads to
In a series of papers [4, 1, 5] Altshuler and Brehm classified weakly neighborly maps on surfaces.
It is obvious (for example by looking at the examples of [4] ), that not all weakly neighborly polyhedral maps can be realized as discrete normal surfaces or slicings of combinatorial pseudomanifolds. In fact, this case is a rare exception. In order to see that, just note that the number of possible edges of a discrete normal surface is strongly restricted by Lemma 3.3. More precisely we have the following condition:
5.4 Lemma. Let S (V1,V2) be a weakly neighborly slicing of a combinatorial 3-pseudomanifold M induced by the vertex partition V 1 9 ∪V 2 = V , n i the number of vertices that lie in the boundary of span(V i ), i = 1, 2, then n 1 n 2 (15 − n 1 n 2 − n 1 − n 2 ) = 12χ(S (V1,V2) ). (5.6)
Proof. We first need to verify that any pair of vertices a ∈ V 1 , y ∈ V 2 in the boundary of span(V 1 ), span(V 2 ) occurs as a vertex ⟩ must be an edge of S (V1,V2) since it is weakly neighborly. Hence, {a, b, x} spans a triangle in M and ⟨a, b⟩ is an edge. Altogether, the boundary of span(V i ), i ∈ {1, 2} must be 2-neighborly and S (V1,V2) must have exactly n 1 n 2 2 + n 2 n 1 2 = n 1 n 2 2 − 2 n 1 n 2 − 3 2 + 3χ(S) − 6 (5.7)
edges, where the right hand side follows from Lemma 5.3 d). This yields (5.6).
If we furthermore restrict M to be a combinatorial manifold we can classify all such weakly neighborly slicings:
5.5 Theorem. The only weakly neighborly polyhedral maps that are slicings of a combinatorial 3-manifold M are the boundary of the 3-simplex, the boundary of a triangular prism with 6 vertices and the 3 × 3-grid torus shown in Figure 4 .1.
Proof. Since M is a 3-manifold with χ(M ) = 0, χ(S) must be an even number.
In the case χ(S) = 2 the only integer solutions of (5.6) with χ(S) = 2 are n 1 = 1, n 2 = 4 and n 1 = 2, n 2 = 3. In the first case we have a (triangulated) vertex figure which has to be 2-neighborly. Hence, the only triangulated 2-neighborly 2-sphere is the boundary of the 3-simplex. The second case must occur as a slicing of a closed combinatorial manifold with 2 + 3 = 5 vertices (since the span of 3 vertices can not have interior faces in dimension 3). The only combinatorial 3-manifold with 5 vertices is the boundary of the 4-simplex. The slicing between an edge and a triangle yields a weakly neighborly 2-sphere consisting of 3 quadrialterals and two triangles: this has to be the boundary of a 3-dimensional prism ∆ 1 × ∆ 2 . In the case χ(S) = 0: Since M is a combinatorial 3-manifold, it follows from Proposition 2.2 that n 1 , n 2 ≥ 3. The only solution is n 1 = n 2 = 3. Since the span of 3 vertices can not have interior faces in dimension 3, the slicing must have 6 vertices (which necessarily forms a triangulated 3-sphere by virtue of Theorem A in [6] ) and two disjoint empty triangles. This determines the combinatorial type of the complex and of the slicing. The unique solution is the 3 × 3-grid torus shown in Figure 4 .1. In particular, the Klein bottle can not appear as a weakly neighborly slicing (by the orientability of S 3 ). In the case χ(S) ≤ −2 the lower bounds on n 1 and n 2 given in Proposition 2.2 and the asymptotic behaviour of the left hand side of (5.6) do not admit further solutions.
